We aim to describe the cluster states of nuclear systems starting with a realistic interaction, which is a challenge of the modern nuclear theories. Here, the short-range correlation of realistic interaction is treated by employing the damping factor, and the resultant interaction can be applied to the cluster structure of light nuclei. We start with a realistic interaction (G3RS) and transform it in this way, and the α-α energy curve is compared with the results of phenomenological interactions. The attractive effect between two α's is found to be not enough even with a damping factor for the short-range repulsion, and the necessity of a finite-range three-body term is discussed. With this three-body term, the resonance energy of the ground state and the scattering phase shift of two α's can be reproduced. Also, the binding energy of 16 O from the four α threshold is reasonably reproduced. The linear-chain structure of three and four α clusters in 12 C and 16 O are calculated with this interaction and compared with the results of the conventional approaches including the density functional theories.
I. INTRODUCTION
Describing the cluster states starting with the realistic interactions is a challenge of the modern nuclear theories. The 4 He nucleus is a strongly bound many-nucleon system in the light mass region, thus the α clusters can be basic building blocks of the nuclear structure. The α cluster models [1, 2] have been developed and applied in numerous works for the description of cluster structures such as 3α clustering in the so-called Hoyle state of 12 C [3] [4] [5] . In most of the conventional cluster models, each α cluster is assumed as a simple (0s) 4 configuration. However, in the real systems, nucleons are correlated owing to the repulsive core in the short-range part of the central interaction, and this effect is not explicitly treated in the conventional cluster models. These days, such N N correlation is widely discussed based on modern ab initio theories not only in very light nuclei but also in medium-heavy nuclei [6] . Most of the ab initio theories have been developed based on the shell-model point of view, and describing cluster states is a challenge of the modern ab initio ones [7] [8] [9] , since a quite large model space is required.
Concerning the description of the cluster states starting with realistic interactions, one of the ways is to utilize Fermionic molecular dynamics (FMD) combined with the unitary correlation operator method (UCOM) [10, 11] . In UCOM, the effects of the short-range correlation are included with the unitary transformation of the Hamiltonian, which in principle induces many-body operators up to the A-body level, with the mass number A since we need to expand this unitary operator for the calculation of the expectation values of the norm and the Hamiltonian. We aim to treat the short-range correlation caused by the repulsive core of the central interaction in a simple way without performing the unitary transformation and expanding the exponents.
The assumption of the (0s) 4 configuration for the α clusters in the conventional α cluster models also prevents us to include the contribution of the non-central interaction. We have previously introduced antisymmetrized quasi cluster model (AQCM) [12] [13] [14] [15] [16] [17] [18] [19] and tensor version of AQCM (AQCM-T) [20] [21] [22] [23] to include the contribution of the non-central interactions in the α-cluster model by breaking the (0s) 4 configuration properly. It has been discussed that the tensor suppression effect at small α-α distances works repulsively and plays an important role in the appearance of the α cluster structures [20, 21, 23] . In this paper, however, we do not touch into the non-central interactions, since we are interested only in the short-range correlation originating from the central interaction. Therefore, here the model space is the conventional Brink model with the (0s) 4 configuration for each α cluster. In return, we start with a realistic interaction, G3RS (Gaussian three-range softcore potential) [24] for the central part.
Until now, in conventional cluster model studies, phenomenological interactions, such as Volkov interaction [25] , have been widely used, which allows us to reproduce the α-α scattering phase shift by properly choosing the Majorana exchange parameter. However, the realistic and phenomenological interactions are quite different. First of all, the realistic interactions have shortrange cores, which makes the application to many-body systems extremely difficult. Also, they have quite different interaction ranges. Most of the realistic interactions have the energy minimum point around r ∼ 1 fm, where r is the relative distance between the nucleons. In contrast, the ranges of the conventional interactions for the cluster studies are much larger; for instance, the attractive term of the Volkov No.2 interaction has the range of 1.80 fm, which creates the energy minimum point around r ∼1.3 fm for the even-parity state. Therefore, the attractive effect has much longer ranges in the phenomeno-logical interactions. It is quite interesting to investigate how the cluster structures appear with realistic interactions, which have completely different ranges.
In this paper, we discuss the cluster states of light nuclei starting with the realistic interaction. The shortrange correlation of the realistic interaction is treated by employing the damping factor. Using an interaction transformed in this way, the α-α energy curve and the scattering phase shift are calculated, which are compared with the results of phenomenological interactions. It is quite well known that the phenomenological interaction should have proper density dependence in order to satisfy the saturation property of nuclear systems. The Tohsaki interaction, which has finite-range three-body terms [15, 26, 27] , satisfies the saturation properties. We employ this interaction as a phenomenological one, which gives a reasonable size and binding energy of the α cluster in addition to the α-α scattering phase shift.
Then the interactions introduced here are applied to the linear-chain states of α clusters. There has been a long history of both theoretical and experimental studies for the possibility of α chain states [28] . Once the second 0 + state of 12 C just above the three-α threshold energy has been assigned as a candidate, but now the state is regarded as an α gas state [4, 29] . In return, not exactly linear but bent chain was suggested around E x ∼ 10 MeV region corresponding to 3 MeV above the three α threshold [10, 30, 31] . Furthermore, the possibility of four-α and six-α chain state was suggested [32, 33] . It has been theoretically discussed that the main decay path of the linear-chain states passes through the bending motion, and adding valence neutrons and/or giving angular momentum to the system work to prevent this motion [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . Not only cluster models, but recently various meanfield approaches are also successfully applied to discuss the stability of the linear-chain configurations.
This paper is organized as follows; in Sec. II, the framework, especially for the model wave function and the Hamiltonian of the present model, is described. In Sec. III, we introduce the damping factor for the shortrange part of the central interaction, and the α-α energy curve and scattering phase shift are calculated and compared with the results of a phenomenological interaction with finite-range three-body terms (A.). Also the linearchain structure of three and four α clusters in 12 C and 16 O are calculated and compared with the results of the conventional approaches (B.). The summary is presented in Sec. IV.
II. METHOD
A. wave function (Brink model) Here we employ the conventional Brink model [1] for the α cluster states. In the Brink model, each single-particle wave function is described by a Gaussian,
where the Gaussian center parameter R i shows the expectation value of the position of the particle, and χ j is the spin-isospin wave function. The size parameter ν is chosen to be 0.25 fm −2 , which reproduces the observed radius of 4 He. Here, four single particle wave functions with different spin and isospin sharing a common Gaussian center parameter R i correspond to an α cluster. The Slater determinant of the Brink model is constructed from these single particle wave functions by antisymmetrizing them,
This is the case that we have N α clusters and the mass number A is given by A = 4N . This assumption of common Gaussian center parameter for four nucleons removes the contribution of the non-central interactions, spin-orbit and tensor components, after the antisymmetrization.
For 8 Be we introduce two α clusters, and two Gaussian center parameters are introduced as R 1 = de z /2 and R 2 − de z /2 with the relative distance of d, where e z is the unit vector for the z direction. For the ground state of 16 O, the Gaussian center parameters are introduced to have a tetrahedron shape with a fixed relative distance d. In both cases, the Slater determinants with different d values are superposed based on the generator coordinate method (GCM) [1] .
Also, the linear chain configurations of three and four α clusters in 12 C and 16 O can be calculated by assuming one-dimensional configurations for the {R i } values. The distances between the α clusters are randomly generated, and these Slater determinants are superposed based on the GCM.
The Slater determinants are projected to the eigen states of the angular momenta by numerical integration,
where D J MK is Wigner D-function and R(Ω) is the rotation operator for the spatial and spin parts of the wave function. This integration over the Euler angle Ω is numerically performed.
B. Hamiltonian
The Hamiltonian used in the present calculation iŝ
whereT i is the kinetic energy operator of ith nucleon, and the total kinetic energy operator for the cm motion (T G ) is subtracted. The two-body interaction consists of only the central interaction (V c ) and Coulomb interaction (V Coulomb ), since the effect of the non-central interactions disappear in the α cluster model. This above Hamiltonian is relevant for the G3RS interaction, which is a realistic interaction. However, to reduce the height of the short-range core part. For the region of r ≤ r 0 , the factor F (r) is multiplied to the central part of the G3RS interaction. Also, we examine the effect of the finite-range three-body interaction. We compare the results obtained with a phenomenological interaction, Tohsaki F1 interaction [15, 26, 27] . This interaction also contains finite-range three-body terms.
III. RESULTS

A. introduction of the damping factor
For the central interactionV c , we use the G3RS interaction [24] , which is the realistic interaction designed to reproduce the scattering phase shift of the nucleonnucleon scattering up to around 600 MeV. The central part of G3RS has three-range Gaussian form as
where P ij ( 1,3 E) and P ij ( 1,3 O) are the projection operators to the 1,3 E (singlet-even, triplet-even) and 1,3 O (singlet-even, triplet-odd) states, respectively. The parameter set of "case 1" in Ref. [24] is listed in Table I . The spatial part of the G3RS interaction as functions of the nucleon-nucleon distance r is shown in Fig. 1 . Here, Fig. 1 (a) is the original form of the G3RS interaction, which is called V org . This is the realistic interaction and has a short-range core part. For the use of the calculation of the many-body system, here we introduce a damping factor to reduce the height of the short-range core part (around 2500 MeV). This is equivalent to the regularization in the momentum space to suppress the high-momentum contribution (see, for instance Ref. [50] for the regularization in the chiral effective field theory).
For the region of r ≤ r 0 , the factor F (r) is multiplied to the central part of the G3RS interaction;
This damping factor is unity in the region of r ≥ r 0 but start changing at r = r 0 and converges to e −m at r = 0. In this article, we compare two parameter sets; weaker damping factor and stronger one. For the weaker damping factor, the values of r 0 = 0.5 fm and m = 2 are adopted. The resultant G3RS interaction is called V damp−W and the form is shown in Fig 1 (b) . This is the G3RS interaction after multiplying the damping factor in the region of r ≤ 0.5 fm, and the short-range core is reduced. We also introduce stronger damping factor, which has the parameters of r 0 = 0.75 fm and m = 3 and is called V damp−S . Figure 1 (c) shows the shape after multiplying the damping factor. As we can see, when two nucleons get closer, the damping starts already at r = 0.75 fm and the inner part is drastically reduced. Using these interactions, the 0 + energy curves of two α clusters ( 8 Be) are calculated and shown in Fig. 2 . At first, we show the energy curves of the phenomenological interactions, which are known to well reproduce the α-α scattering phase shift. The dotted line and dashed line in Fig. 2 (a) are results of the Volkov No.2 interaction [25] with the Majorana exchange parameter of M = 0.6 and Tohsaki F1 interaction [26] , respectively. The horizontal axis shows the distance between the two α clusters, and the energy is measured from the two α threshold. These two lines are very similar, and both of them have the energy minimum points around the α-α distance of 4 fm. This is coming from the long-range nature of these phenomenological interactions. The energy does not become zero even at the large relative distances owing to the zero-point kinetic energy ( ω/4 ∼ 5 MeV), which is the kinetic energy for fixing the relative distance.
Next, the energy curves of α-α calculated with the G3RS interaction are shown in Fig. 2 (b) . The energy of each α cluster indeed depends on the interactions, but again here the energy is measured from the two-α threshold. The dotted line is the result of the original G3RS interaction, V org (Fig. 1 (a) ). Due to the repulsive effect at short relative distances, the energy minimum point around the relative distance of 4 fm found in Fig. 2 (a) does not appear. This energy minimum point cannot be obtained even if we reduce the shortrange repulsion by introducing the damping factor for the nucleon-nucleon interaction, as in the dashed line, where V damp−W is adopted; the energy around the α-α distance of 4 fm is constant around 6 MeV. Rather surprisingly, this situation does not change even if we adopted a much stronger damping factor. The dash-dotted line shows the result of V damp−S , and even if the repulsive effect is reduced at short α-α distances, the energy around 4 fm is still constant around 6 MeV. Experimentally, the ground 0 + state of 8 Be is located at 0.09184 MeV, and the α-α energy within the region inside the Coulomb barrier is essential for the reproduction of this value. If we superpose Slater determinants with different α-α distances (1, 2, 3,....10 fm) based on the GCM, the obtained energy of the ground 0 + state does decrease by a few MeV. Nevertheless, it is still above the α-α threshold by 1-2 MeV in the cases of V org , V damp−W , and even V damp−S . Without the reproduction of this ground state energy, we cannot discuss the scattering phase shift, which is quite sensitive to the energy of the resonance state from the threshold. Therefore, we need an additional effect other than reducing the short-range repulsion by introducing the damping factor, which contributes to the lowering the energy around the α-α distance of 4 fm.
One may consider that the missing of the tensor interaction due to the assumption of (0s) 4 configuration for each α cluster is the origin of the shortage of attractive effect. However, as we discussed based on the AQCM-T [20, 21] , the attractive effect of the tensor interaction is very strong inside each 4 He rather than between the two 4 He nuclei, when two 4 He nuclei are far with each other. This tensor effect is blocked when two 4 He approach, which works repulsively. One of the other mechanisms, which contributes to the lowering of the energy around the α-α distance of 4 fm, is three-body nuclear interaction. Here we adopt a finite-range three-body interaction V f 3b ,
where,
The parameters involved in Eq. (8) are fixed phenomenologically in order to account for the 2-α system, as well as the properties of 16 O. The strength V (3) and the range µ are set to −9 MeV and 0.1 fm −2 , respectively. The strength is small, but it has a very long range. The Majorana exchange parameter M is set to 0.645 and W = 1 − M . The operator P r ij exchanges the spatial part of the wave functions of the interacting i-th and j-th nucleons. The introduction of this Majorana term is needed for the reproduction of the binding energy of 16 O from the four-α threshold, which will be discussed shortly. With this phenomenological three-body nucleonnucleon interaction, we do not need to drastically reduce the short-range repulsion of the two-body interaction, thus we adopt weaker damping factor, V damp−W (extremely strong damping factor gives poor reproduction of the α-α scattering phase shift). The α-α energy curve calculated with V damp−W + V f 3b is shown as the solid line in Fig. 2 (b) . The energy minimum point appears around the α-α distance of 4 fm, and the shape is very similar, apart from the short-distance region, to the results of the phenomenological interactions shown in Fig. 2 (a) , which reproduce the α-α scattering phase shift.
The α-α scattering phase shift ( 8 Be) is calculated and shown in Fig. 3 (( [53] , where the measured data were complied from the original works [54] [55] [56] [57] [58] [59] [60] . The reproduction of the data is not perfect and the repulsive effect is a bit stronger in the cases of V damp−W + V f 3b , but the basic trend of the scattering phase shift can be satisfied. Figure 4 shows the 0 + energy of 16 O. Here tetrahedron configuration of four α clusters is assumed, and the horizontal axis shows the distance between the two α clusters. The dotted, dashed, and dot-dashed lines are respectively associated with V org , V damp−W , and V damp−S . The solid line is the result by V damp−W with finite-range three-body interaction (V damp−W +V f 3b ), and the energy minimum point appears at the α-α distance of 2.5-3.0 fm. Experimentally, the ground state of 16 O is lower than the four-α threshold energy by 14.4 MeV, and the solid line is close to this value. We superpose the Slater determinants with different α-α distances based on the GCM, and the ground 0 + state is obtained at −16.2 MeV. The matter radius is obtained as 2.52 fm corresponding to the charge radius of 2.65 fm (experimentally 2.69 fm).
B. linear-chain states
The interaction introduced in the last subsection can be applied to the linear-chain configurations of three and four α clusters in 12 C and 16 O. The rotational band structure of the linear-chain structure of the three α clusters ( 12 C) is shown in Fig. 5 . The Slater determi- model [44] . Our results of both V damp−W + V f 3b and Tohsaki F1 almost agree with these. The slope of the rotational band ( 2 /2I, I the moment of inertia) is obtained as 102 keV and 119 keV for the solid and open circles, respectively, if we just average between the 0 + and 8 + energies. However in the high-spin states, where the centrifugal force is strong, the α-α distance gets larger, which creates a decrease of the slope. This is in 14 C and not 12 C, but the slope of 2 /2I ∼ 120 keV was reported in Ref. [61] . The rotational band structure of the linear-chain struc- ture of the four α clusters ( 16 O) is shown in Fig. 6 . Again the Slater determinants with different distances between α clusters are randomly generated and superposed based on the GCM, and the energy is measured from the four α threshold. The horizontal axis is J(J + 1), where J is the angular momentum of the system. 35.6 MeV. The slope of the rotational band again decreases in the high-spin states due to the large centrifugal force (an increase of the α-α distance). The solid circles give the value of the slope as 0.051 MeV between the 0 + and 10 + states (open circles give 0.063 MeV). These interactions give similar results.
These days, the linear-chain states of four α clusters are discussed also with various density functional theories [41, 42] . Among them, nonrelativistic Hartree-Fock approaches are adopted in Refs. [34, 36, 41] , and the band head energy of ∼ 40 MeV from the ground state, which agrees with the results of the present study, was reported [41] . The slope of 2 /2I = 0.06 − 0.08 MeV was suggested there. A covariant framework predicted the band head energy of ∼ 30 MeV and the slope of 2 /2I = 0.11 MeV [42] . Similar values are obtained by the modern cluster model studies [44, 46] . 
IV. CONCLUSION
We investigated the cluster states of light nuclei starting with the realistic interaction, G3RS. The short-range correlation of the realistic interaction was treated by employing a damping factor. Using an interaction transformed in such a way, the α-α energy curve and the scattering phase shift were calculated. Although the original G3RS interaction shows too repulsive features, the scat-tering phase shift is reasonably reproduced after introducing the damping factor. The inclusion of a finite-rang three-body interaction gives the energy minimum point of the α-α energy curve around the relative distance of 4 fm as in the case of the phenomenological interaction. This allows the reproduction of the ground-state energy, which is essential for describing the scattering phase shift, but this energy minimum point does not appear without the three-body effect even with a very strong damping factor for the short-range repulsion of the two-body interaction. With this three-body term, it is capable of reproducing the binding energy of four α clusters from the threshold in 16 O.
The rotational band structure of the linear-chain structure of the three α clusters ( 12 C) can be calculated, and the band head energy was obtained at 8.9 MeV from the three-α threshold energy in the case of G3RS interaction with the three-body interaction. This result well agrees with those by other conventional approaches. Similarly, the linear-chain structure of the four α clusters ( 16 O) can be calculated and the band head energy was calculated at ∼36 MeV. These days, the linear-chain states of four α clusters are discussed also with various density functional theories, which predicted the bad head energies of 30 ∼ 40 MeV from the ground state, in agreement with the result of the present study. The slope of the rotational band structure of the G3RS interaction also almost agrees with the phenomenological cluster models and density functional theories.
As future works, using the interaction proposed here, light neutron-rich nuclei can be calculated. The strength of the three-body interaction should be carefully determined, and introducing Heisenberg and Bartlet exchange terms is the possible way to keep the consistency with the present results. Also, deriving an effective interaction consisting of the two-and three-body terms for the cluster model in a more microscopic way is quite an important task. We are working along this line based on the chiral effective field theory.
